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The dynamics of magnetization coupled to an electron gas via s-d exchange interaction is investi-
gated by using density matrix technique. Our theory shows that non-equilibrium spin accumulation
induces a spin torque and the electron bath leads to a damping of the magnetization. For the
two-dimensional magnetization thin film coupled to the electron gas with Rashba spin-orbit cou-
pling, the result for the spin-orbit torques is consistent with the previous semi-classical theory. Our
theory predicts a damping of the magnetization, which is absent in the semi-classical theory. The
magnitude of the damping due to the electron bath is comparable to the intrinsic Gilbert damping
and may be important in describing the magnetization dynamics of the system.
I. INTRODUCTION
In study of spin transfer torque (STT), it has been
proposed [1, 2] to manipulate magnetic order parameter
dynamics by using non-equilibrium electron bath instead
of external magnetic fields. The proposal has already led
to commercial products in spintronics engineering. Re-
cently, there has been much attention on the ”spin-orbit
torque”(SOT), which was first proposed in theory[3, 4],
and later confirmed in experiments[5–8] (see Ref. 9 and
10 for a comprehensive review). After applying an ex-
ternal electric field to the electron gas with spin-orbit in-
teraction(SOI), a component of the accumulated electron
spin density mis-aligned with the ferromagnetic ordering
can be created[3, 4], which then will induce a field-like
torque. The SOT opens the possibility of manipulat-
ing the magnetic order parameter in collinear magnetic
structures and may efficiently reduce the critical current
density for magnetization switching[3, 4]. In the theoret-
ical side, a full quantum theory has been proposed and
developed to describe the dynamics of a single domain
magnet under the continuous scattering by spin-polarized
electrons. The quantum STT theory recovers the results
of the semiclassical STT theory, and has revealed more
details about the magnetization dynamics in the STT[11–
13]. Therefore, it will be natural to apply a full quantum
theory to study the magnetization dynamics influenced
by the SOI electron gas. This may be an extension of
the quantum STT theory to SOT. In the full quantum
theory, the quantum dynamics of the magnetization can
be described by the evolution of its density matrix under
the influence of the electron gas, which can be tuned by
the external electric field. This treatment will not only
give the mean-field effect on the magnetization dynamics
by the electron bath, but also include the damping of the
magnetization due to the fluctuation of the electron spin.
The similar strategy has been exploited to investigate the
photo-excited dynamics of the order parameter in Peierls
chain[14].
This paper is organized as follows. In section II, we
apply density matrix technique to derive general formal-
E
FIG. 1. (Color online). Schematic diagram for the lattice of
localized spins (orange) coupled to the conductions electrons
(blue) through s-d exchange interaction. An external electric
field E can be applied to tune the electron bath.
ism for the magnetization dynamics driven by the elec-
tron bath through s-d exchange interaction. In section
III, we apply the general formalism to the special case
where the spatially uniform magnetization is coupled to
a two dimensional electron gas with Rashba SOI, and
calculate the spin-orbit torque and the damping effect of
the electron bath. The main results are summarized and
discussed in section IV.
II. GENERAL FORMALISM
We apply density matrix technique to study dynamics
of the magnetization driven by the electron bath via an
s-d exchange interaction. The system is schematically
illustrated in Fig. 1, where the electron bath can be tuned
by an external electric field. The Hamiltonian of the total
system is formally written as
H = HM +He +Hsd. (1)
Here, HM is the Hamiltonian for the magnetization sub-
system in terms of the local spin operators Ŝi,µ at site i
with spin directions µ(= x, y, z); He is the Hamiltonian
of the electron subsystem; Hsd describes the s-d exchange
interaction between the magnetization and the electron,
2where
Hsd = J
∑
i,µ
Ŝi,µσ̂i,µ. (2)
Here, σ̂i,µ represents the electron spin operator at site i
without ~/2, and J is the exchange coupling strength.
Note that we have not specified the forms of HM and He
yet, thus the results below will be quite general.
The effect of the s-d exchange interaction Hsd is
twofold. On one hand, the magnetization dynamics is
driven by the electron bath via Hsd; on the other hand,
the electron states are also affected by the magnetization
configuration in turn due to Hsd. Since the time scale of
the electron dynamics is usually much faster than that
of the magnetization dynamics, we may assume that the
electrons under the bias voltage establish a stationary
non-equilibrium distribution in a very short time inter-
val, during which the change of the magnetization con-
figuration is negligible and the non-equilirium electron
bath is approximated to be constant. The validity of
this assumption only holds if the spin-lattice interaction
is stronger than the s-d exchange interaction to relax
the electron spin. Consider a short time interval [t0, t],
where the initial density matrices of the magnetization
and the electron bath are ρM (t0) and ρe(t0) respectively.
Then the initial magnetization configuration at each site
is Si,µ(t0) = Tr[Ŝi,µρM (t0)], and the initial electron den-
sity matrix ρe(t0) is determined by the bath Hamiltonian
HB = He + J
∑
i,µ Si,µ(t0)σ̂i,µ and the open boundary
conditions.
In order to investigate the magnetization dynamics
during the time interval [t0, t] defined above, we rede-
fine the local spin operators Ŝi,µ = Si,µ(t0) + ŝi,µ, then
the Hamiltonian H in Eq. (1) can be rewritten as
H = HM +HB + Vsd, (3)
with the interaction term
Vsd = J
∑
i,µ
ŝi,µσ̂i,µ. (4)
During this time interval, the electron density matrix ρe
may be approximated to be constant because of the neg-
ligible change of the magnetization, and this can be jus-
tified in the limit t → t0. Assuming the total density
matrix as ρ(t) = ρM (t) ⊗ ρe(t0) and to the second or-
der of interaction strength, the equation for the density
matrix ρ˜M (t) in the interaction picture is[15]
d
dt
ρ˜M (t) =
J
i~
∑
i,µ
σi,µ(t)[s˜i,µ(t), ρ˜M (t0)]
+ (
J
i~
)2
∑
i,µ;j,ν
∫ t
t0
dτ{Ci,µ;j,ν(t, τ)[s˜i,µ(t), s˜j,ν(τ)ρ˜M (τ)]
−Cj,ν;i,µ(τ, t)[s˜i,µ(t), ρ˜M (τ)s˜j,ν (τ)]}. (5)
Here, ·˜ · · denotes the operators in the interaction
picture; the electron spin polarization is σi,µ(t) =
Tre[σ˜i,µ(t)ρ˜e(t0)]; the electron spin-spin correlation func-
tion is Ci,µ;j,ν(t, τ) = Tre[σ˜i,µ(t)σ˜j,ν(τ)ρ˜e(t0)], which
is a function of t − τ only and satisfies the relation
Ci,µ;j,ν(t, τ) = C∗j,ν;i,µ(τ, t). In priciple, the solution of
Eq. (5) gives the density matrix of the magnetization in
the time interval [t0, t] under the influence of the electron
bath, and can be applied to study the physical qualities
that we are particularly interested in.
Based on Eq. (5), the dynamical equation for Sl,λ(t) =
TrM [S˜l,λ(t)ρ˜M (t)] is obtained as
d
dt
Sl,λ(t) =
1
i~
〈[Ŝl,λ, HM ]〉t + J
~
∑
µ,ν
ǫλµνσl,µ(t)Sl,ν(t)
+ i(
J
i~
)2
∑
j,µ,ν,ξ
ǫλµν
∫ t
t0
dτ{Cl,µ;j,ξ(t, τ)〈Ŝl,ν (t)ŝj,ξ(τ)〉τ
−Cj,ξ;l,µ(τ, t)〈ŝj,ξ(τ)Ŝl,ν(t)〉τ}. (6)
Here, 〈· · · 〉t ≡ TrM [· · · ρM (t)], and the spin commutation
relation [Ŝl,λ, Ŝi,µ] = iδli
∑
ν ǫλµν Ŝl,ν has been exploited.
The first term in the r.h.s. of Eq. (6) gives the intrin-
sic magnetization dynamics due to HM ; the second term
is the spin torque term due to the accumulation of the
electron spin density; the third term gives the damping
effect of the electron bath. If the operator Ŝl,ν(t) in the
damping term is approximately replaced by its expecta-
tion value Sl,ν(t), Eq. (6) becomes
d
dt
Sl,λ(t) =
1
i~
〈[Ŝl,λ, HM ]〉t + J
~
∑
µ,ν
ǫλµνσl,µ(t)Sl,ν(t)
+
2J2
~2
∑
j,µ,ν,ξ
ǫλµνSl,ν(t)
∫ t
t0
dτKl,µ;j,ξ(t− τ)sj,ξ(τ), (7)
where Kl,µ;j,ξ(t− τ) is the imaginary part of Cl,µ;j,ξ(t, τ),
and sj,ξ(τ) = 〈ŝj,ξ〉τ . We introduce the kernel func-
tion γ(t) which satisfies the relation dγl,µ;j,ξ(t)/dt =
Kl,µ;j,ξ(t). The integral in the last term in Eq. (7) is
rewritten as
∫ t
t0
dτγl,µ;j,ξ(t−τ)S˙j,ξ(τ) after integrating by
parts and neglecting the boundary terms in the limiting
case t→ t0. It can be further simplified as Γl,µ;j,ξS˙j,ξ un-
der the Markovian approximation S˙j,ξ(τ) ≈ S˙j,ξ(t), with
the coefficient Γl,µ;j,ξ =
∫ δt
0
dτγl,µ;j,ξ(τ) for δt = t− t0.
Based on the discussions above, Eq. (7) can be written
in a compact form
d
dt
Sl(t) =
1
i~
〈[Ŝl, HM ]〉t + γeBl(t)× Sl(t), (8)
where γe is the gyromagnetic ratio; Bl is the effective
magnetic field on the the local spin Sl originating from
the electron bath. The µ-component of Bl is expressed
as
Bl,µ(t) =
J
γe~
σl,µ(t) +
2J2
γe~2
∑
j,ξ
Γl,µ;j,ξ(t)S˙j,ξ(t). (9)
The first term in (9) will give the torque term due to the
electron spin accumulation, which has been discussed ex-
tensively in previous studies; the second term will give
3the damping effect of the electron bath on the magne-
tization dynamics, which only emerges in the quantum
treatment. The non-local feature of the damping term
can be found here, which depends on the spatial correla-
tion of Γl,µ;j,ξ.
So far we have established a general dynamical equa-
tion for the magnetization when it is coupled to the elec-
tron bath via s-d exchange interaction. Here, both the
Hamiltonian for the magnetization subsystem HM and
the Hamiltonian for the electron subsystem He have not
been specified yet. The treatment is similar to the previ-
ous work on the order parameter dynamics in the photo-
excited Peierls chain[14]. In the next section, we apply
this general formula to study the magnetization dynam-
ics of a two-dimensional ferromagnetic thin film under
the influence of an electron gas with Rashba SOI, i.e. a
model system for “spin-orbit torque”.
III. SPIN-ORBIT TORQUE
A. Electron Bath with Rashba SOI
We consider a special system studied by Manchon and
Zhang[3] for the spin-orbit torque. The two-dimensional
magnetization thin film in x-y plane consists of N =
M × N lattice sites with the lattice constant a, and we
will use the discrete notations in both real and reciprocal
space. The magnetization is assumed to be uniform due
to strong exchange interaction. The lack of inversion
symmetry in z-direction induces the Rashba spin-orbit
interaction in the two-dimensional electron gas. In this
case, the Hamiltonian for the electron bath is given as[3]
HB =
p̂2
2m∗e
+
αR
~
(p̂× ẑ) · σ̂ + JS · σ̂, (10)
where p̂ is the electron momentum operator; m∗e is the
effective mass of electrons; αR is the Rashba interaction
strength; S = Si is the localized spin at each site. For
S = S(sin θ cosφ, sin θ sinφ, cos θ), the energy dispersion
relation of the electron is
Ek,± =
~
2k2
2m∗e
±∆k. (11)
Here, we have denoted the electron wavevector k =
k(cosϕ, sinϕ), and
∆k =
√
J2S2 + α2Rk
2 − 2JSαRk sin θ sin(φ− ϕ).
The corresponding electron eigenstates |k,±〉 are
|k,±〉 = 1√N e
ik·r
(
cos
Θk,±
2 e
−iΦk
sin
Θk,±
2
)
, (12)
where the angles Θk,± and Φk are determined by
cos
Θk,±
2
=
√
∆2
k
− J2S2 cos2 θ√
2∆2
k
∓ 2JS∆k cos θ
,
sin
Θk,±
2
=
±∆k − JS cos θ√
2∆2
k
∓ 2JS∆k cos θ
,
cosΦk =
JS sin θ cosφ+ αRk sinϕ√
∆2
k
− J2S2 cos2 θ ,
sinΦk =
JS sin θ sinφ− αRk cosϕ√
∆2
k
− J2S2 cos2 θ .
The spin polarization vector for the state |k,±〉 is Pk,± =
(sinΘk,± cosΦk, sinΘk,± sinΦk, cosΦk,±).
The statistical properties of the electron bath are de-
termined by the probability distribution function fk,s for
the state |k, s = ±〉, which can be tuned by the external
field. If an electric field E is applied, the non-equilibrium
distribution of the electron states will be established due
to the random scattering potential by impurities[3]. The
distribution function fk,s is determined by the Boltz-
mann equation
− eE
~
· ∇kfk,s = Sc[fk,s]. (13)
The collision integral Sc[fk,s] describes the relaxation of
the occupied state |k, s〉 and can be treated by the relax-
ation time approximation, namely,
Sc[fk,s] = −
fk,s − f0k,s
τ
. (14)
Here, f0
k,s is the equilibrium distribution function, and
an isotropic relaxation time τ has been assumed[3]. To
the first order of the electric field, the solution of Eq. (13)
is fk,s = f
0
k,s + gk,s, where the out of equilibrium part
induced by the external electric field is
gk,s =
∂f0
k,s
∂E
eE · vk,sτ, (15)
with the electron velocity vk,s =
1
~
∇kEk,s. Such a treat-
ment of the non-equilirium electron distribution was also
exploited in the previous semiclassical theory[3].
B. Electron Spin Polarization and Torque
With the non-equilibrium distribution function fk,s
given above, the electron spin polarization σl,µ at site l
and the correlation function Cl,µ;j,ξ(t, τ) in Eq. (9) can be
calculated, and the torque and damping effect due to the
electron bath can be obtained. In the second quantiza-
tion representation of the basis set {|k, s〉}, the operator
σ̂l,µ is expressed as
σ̂l,µ =
1
N
∑
k,s;k′,s′
χµ
k,s;k′,s′e
i(k′−k)·rl ĉ†
k,sĉk′,s′ ,
4where the matrix element
χµ
k,s;k′,s′ = (cos
Θk,s
2
eiΦk , sin
Θk,s
2
)σµ
(
cos
Θ
k′,s′
2 e
−iΦ
k′
sin
Θ
k′,s′
2
)
.
Then the electron spin polarization σl,µ is
σl,µ =
1
N
∑
k,s
χµ
k,s;k,sfk,s =
1
N
∑
k,s
Pµ
k,sfk,s. (16)
For the physically relevant case αRk ≪ JS, the approx-
imate value of Pk,± to the first order of
αRk
JS is
Pk,± = ±
 Sx + αRJS SxSykx + αRJS (1 − S2x)kySy − αRJS (1− S2y)kx − αRJS SxSyky
Sz +
αR
JS SySzkx − αRJS SxSzky
 .
Here, the unit vector for the magnetization is denoted as
S = (sin θ cosφ, sin θ sinφ, cosφ).
For the electric current density je = je(cosϑ, sinϑ, 0),
the non-equilibrium spin polarization δσl which is per-
pendicular to S is calculated to be (Appendix A)
δσl = −αRm
∗
ejea
3
e~Ef
 cosϑSxSy + sinϑ(1− S2x)− cosϑ(1 − S2y)− sinϑSxSy
cosϑSySz − sinϑSxSz
 ,
where Ef denotes the Fermi energy. The torque Tl is
then obtained as
Tl =
JSαRm
∗
ejea
3
e~2Ef
 cosϑSzsinϑSz
− cosϑSx − sinϑSy

=
JαRm
∗
ea
3
e~2Ef
(ẑ× je)× Sl.
This result reproduces the form of SOT obtained
before[3], but the magnetization vector is not restricted
in two-dimensional x-y plane in our derivations. It is
easily understood from the effective Hamiltonian (10),
where the non-equilibrium distribution of electron states
will produce an extra electron spin polarization along the
direction ẑ× je.
C. Correlation Function and Damping
We now calculate the correlation function Cl,µ;j,ξ(t, τ),
which gives the damping term for the magnetization
dynamics due to the electron bath. Since ĉk,s(t) =
ĉk,se
−iEk,st/~, the correlation function Cl,µ;j,ξ(t, τ) is for-
mally written as
Cl,µ;j,ξ(t, τ)
=
1
N 2
∑
k,s;k′,s′
∑
k′′,s′′;k′′′,s′′′
ei(k
′−k)·rlei(k
′′′−k′′)·rj
× ei(Ek,s−Ek′,s′ )t/~ei(Ek′′,s′′−Ek′′′,s′′′ )τ/~
× χµ
k,s;k′,s′χ
ξ
k′′,s′′;k′′′,s′′′〈ĉ†k,sĉk′,s′ ĉ†k′′,s′′ ĉk′′′,s′′′ 〉. (17)
We see that Cl,µ;j,ξ(t, τ) is the function of rl − rj and
t − τ , due to the space and time translation invari-
ance for the investigated system. For simplicity, we es-
timate Cl,µ;j,ξ(t, τ) with several approximations. Firstly,
we assume that the phase factor ei(k
′−k)·(rl−rj) will cause
the cancellation of the summations over k and k′ if
rl 6= rj , thus Cl,µ;j,ξ = Cµξδlj . Secondly, χµk,s;k′,s′ are
calculated to the zeroth order of αRkJS for the relevant
case αRk ≪ JS, where the electron spin states are k-
independent, i.e.
χ±± = ±(sin θ cosφ, sin θ sinφ, cos θ),
χ+− = (− cos θ cosφ− i sinφ,− cos θ sinφ+ i cosφ, sin θ).
Furthermore, we calculate the correlation function
〈ĉ†
k,sĉk′,s′ ĉ
†
k′′,s′′ ĉk′′′,s′′′〉 with the electron bath at equi-
librium, where the effect of the non-equilibrium electric
current induced by the external field will be neglected.
This enable us to apply the Wick contraction[16] to sim-
plify the calculations. The negligence of the dependence
of the damping coefficient on the Rashba SOI and the
non-equilibrium electric current is valid if the dynamical
equation (8) is kept to the first order of these two factors.
With the above approximations, we get
Cµξ(t)
=
1
N 2
∑
k,s
χµssχ
ξ
ssfk,s +
1
N 2
∑
k,s;k′,s′
χµssχ
ξ
s′s′fk,sfk′,s′
+
1
N 2
∑
k,s;k′,s′
ei(Ek,s−Ek′,s′)t/~χµss′χ
ξ
s′sfk,s(1 − fk′,s′),
where |k, s〉 and |k′, s′〉 are different states.
Since the kernel function γl,µ;j,ξ(t) is given by the
relation dγl,µ;j,ξ(t)/dt = Kl,µ;j,ξ(t), where Kl,µ;j,ξ(t) =
ℑ[Cl,µ;j,ξ(t)], their Fourier transformations are related by
γl,µ;j,ξ(ω) =
i
ωKl,µ;j,ξ(ω). The Fourier transformation ofKl,µ;j,ξ(t) is obtained as (Appendix B)
Kl,µ;j,ξ(ω)
= δlj(
m∗ea
2
2π~2
)2
~
2i
∑
s,s′
[χµss′χ
ξ
s′sgs(ω)− (χµss′χξs′s)∗gs(−ω)],
where the function gs(ω) is defined as
gs(ω) =
 0 , ~ω < 0;~ω , 0 < ~ω < Ef − sJS;Ef − sJS , ~ω > Ef − sJS.
Then the damping kernel function γl,µ;j,ξ(t) can be
calculated by the inverse Fourier transformation from
γl,µ;j,ξ(ω), which results in (Appendix B)
γl,µ;j,ξ(t) = δlj(
m∗ea
2
2π~
)2
1
2
∑
s
(δµξg
−
s (t) + is
∑
ν
ǫµξνSνg
+
s (t)).
(18)
Here, g±s (t) =
∫ +∞
−∞
dωg±s (ω)e
−iωt and g±s (ω) =
1
~ω (gs(ω) ± gs(−ω)), as schematically shown in Fig. 2.
5Then the coefficient Γl,µ;j,ξ in Eq. (9) is obtained as
Γl,µ;j,ξ = δlj(
m∗ea
2
2π~
)2(Γ(1)δµξ + Γ
(2)
∑
ν
ǫµξνSν), (19)
with Γ(1) = 12
∑
s
∫ δt
0
dτg−s (τ) and Γ
(2) =
i
2
∑
s s
∫ δt
0 dτg
+
s (τ). Then the damping part in Eq. (8)
can be explicitly written as
Dl = 2(
Jm∗ea
2
2π~2
)2(Γ(1)S˙l × Sl + SΓ(2)S˙l), (20)
which is independent of the Rashba constant and the
electric current due to our approximations above.
0
−1
−0.5
0
0.5
1
hω
g s+
(ω
)
(a)
Ef+JS
s = −
s = +
Ef−JS
0
0
0.5
1
hω
g s−
(ω
)
(b)
s = +
s = −
Ef−JS Ef+JS
FIG. 2. (Color online). Schematic diagram for g±
s
(ω). Blue
line for s = +, and red line for s = −. Notice that g+
s
is an
odd function of ω and g−
s
(ω) is an even function of ω, and
they approach to 0 when |ω| → ∞.
The first term in (20) will give the damping effect
which drives the local spin towards the direction with the
lower energy; while the second term in (20) will give a
renormalized factor in Eq. (8). Assuming that J ∼ 1 eV,
m∗e ∼ me, a ∼ 1 A˚, one gets the rough estimation of the
magnitude order for the factor (
Jm∗ea
2
2π~2 )
2 ∼ 10−3, thus the
damping effect due to the electron bath is comparable to
the intrinsic Gilbert damping of some ferromagnetic ma-
terials. This damping effect can become important to
understand the dissipative features of the magnetization
dynamics driven by spin-orbit torque.
IV. CONCLUSION
In conclusion, we have applied density matrix tech-
nique to formulate the magnetization dynamics of a sys-
tem consisting of local magnetic moments influenced by
an electron gas through s-d exchange interaction. In
this approach, the magnetic subsystem is treated as an
open quantum system and the electron gas acts as a non-
equilibrium bath tuned by the external electric field. The
spin torque due to the non-equilibrium electron spin ac-
cumulation and the damping effect of the electron bath
have been taken into account simultaneously. We ap-
ply the developed formula to the model system for spin-
orbit torque, where the two-dimensional magnetization
film is coupled to the Rashba electron gas through s-d
exchange interaction. We have calculated the spin-orbit
torque and the results are consistent with the previous
study. However, our method does not require the mag-
netization direction to be in the two-dimensional plane
as in the previous study. Our approach enables us to ob-
tain the damping effect due to the electron bath, which
is a new feature absent in the semiclassical theory. The
damping caused by the electron bath is estimated to be
comparable to the intrinsic Gilbert damping, and may be
important to describe the magnetization dynamics driven
by spin-orbit torque. In brief, this work has extended
the previous semiclassical theory for spin-orbit torque
to a more complete description. Further applications of
this approach are expected to understand and to manip-
ulate the magnetization dynamics through electron gas
in other complex cases.
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Appendix A: Electron Spin Polarization
We first assume that the electric field is applied along
x-direction, then
δσl =
1
N
∑
k,s
gk,sPk,s =
1
N
∑
k
(gk,+ − gk,−)kx αR
JS
Σx,
where Σx = (SxSy,−(1− S2y), SySz). The corresponding
electric current density is
je = − eNa3
∑
k,s
gk,s(vk,s)x ≈ − e~
m∗e
1
N
∑
k,s
gk,skx,
and the spin current density is
js =
~
2Na3
∑
k,s
gk,s(vk,s)xPk,s
≈ ~
2
2m∗e
1
Na3
∑
k
(gk,+ − gk,−)kxS.
Thus a rough relation is obtained as
δσl = −αRm
∗
ejea
3
e~Ef
Σx,
where the relation js ≈ − ~JS2eEf jeS has been used here.
Similarly, if the electric field is applied along the y-
direction, the non-equilibrium spin polarization will be
δσl = −αRm
∗
ejea
3
e~Ef
Σy,
6with Σy = (1 − S2x,−SxSy,−SxSz). Therefore, for the
electric current density je = je(cosϑ, sinϑ, 0), we get
δσl = −αRm
∗
ejea
3
e~Ef
 cosϑSxSy + sinϑ(1− S2x)− cosϑ(1 − S2y)− sinϑSxSy
cosϑSySz − sinϑSxSz
 .
Appendix B: Correlation Function and Damping
Kernel
The imaginary part of Cµξ(t) is given as
Kµξ(t)
= ℑ[Cµξ(t)]
= (
m∗ea
2
2π~2
)2
∑
s,s′
ℑ[χµss′χξs′s
∫ Ef
sJS
dǫ
∫ ∞
Ef
dǫ′e
i
~
(ǫ−ǫ′)t]
= (
m∗ea
2
2π~2
)2
∑
s,s′
∫ Ef
sJS
dǫ
∫ ∞
Ef
dǫ′[− i
2
χµss′χ
ξ
s′se
i
~
(ǫ−ǫ′)t + h.c.].
Here, fk,s is approximated as the zero-temperature
Fermi distribution function, and the relation 1N
∑
k
→
a2
(2π)2
∫
d2k =
m∗ea
2
2π~2
∫
dǫ has been used. Its Fourier trans-
formation Kµξ(ω) is then
Kµξ(ω)
=
1
2π
∫ +∞
−∞
dtKµξ(t)eiωt
= (
m∗ea
2
2π~2
)2
∑
s,s′
∫ Ef
sJS
dǫ
∫ ∞
Ef
dǫ′
× [− i
2
χµss′χ
ξ
s′sδ(ω +
ǫ − ǫ′
~
) +
i
2
(χµss′ξ
ξ
s′s)
∗δ(ω +
ǫ′ − ǫ
~
)]
= −(m
∗
ea
2
2π~2
)2
i~
2
∑
s,s′
[χµss′χ
ξ
s′sgs(ω)− (χµss′χξs′s)∗gs(−ω)],
where the function g(ω) is defined as
gs(ω) =
 0 , ~ω < 0;~ω , 0 < ~ω < Ef − sJS;Ef − sJS , ~ω > Ef − sJS.
Therefore,
γl,µ;j,ξ(ω)
= δlj(
m∗ea
2
2π~
)2
1
2
∑
s,s′
[ℜ(χµss′χξs′s)g−s (ω) + iℑ(χµss′χξs′s)g+s (ω)],
where g±s (ω) =
1
~ω (gs(ω)± gs(−ω)), and γl,µ;j,ξ(t) is cal-
culated as
γl,µ;j,ξ(t)
=
∫ +∞
−∞
dωγl,µ;j,ξ(ω)e
−iωt
= δlj(
m∗ea
2
2π~
)2
1
2
∑
s,s′
[ℜ(χµss′χξs′s)g−s (t) + iℑ(χµss′χξs′s)g+s (t)]
= δlj(
m∗ea
2
2π~
)2
1
2
∑
s
(δµξg
−
s (t) + is
∑
ν
ǫµξνSνg
+
s (t))
≈ δljδµξ(m
∗
ea
2
2π~
)2g−(t),
where g±s (t) =
∫ +∞
−∞
dωg±s (ω)e
−iωt and we have used the
expressions
χµ+,+χ
ξ
+,+ = χ
µ
−,−χ
ξ
−,− = SµSξ.
χµ+,−χ
ξ
−,+ = (χ
µ
−,+χ
ξ
+,−)
∗ = δµξ − SµSξ + i
∑
ν
ǫµξνSν .
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